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Abstract 



• ■ Let r denote the space of all locally finite subsets (configurations) in 

' ■~H ' R"*. A stochastic dynamics of binary jumps in continuum is a Markov 

C^ , process on F in which pairs of particles simultaneously hop over R'*. We 

discuss a non-equilibrium dynamics of binary jumps. We prove the exis- 
tence of an evolution of correlation functions on a finite time interval. We 
also show that a Vlasov-type mesoscopic scaling for such a dynamics leads 
to a generalized Boltzmann non-linear equation for the particle density. 
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5 ■ 1 Introduction 

Let r = r(R'') denote the space of all locally finite subsets (configurations) in 

W^, d G N. A stochastic dynamics of jumps in continuum is a Markov process 

K^ , on r in which groups of particles simultaneously hop over M'*, i.e., at each jump 

^ ' time several points of the configuration change their positions. 

^ The simplest case corresponds to the so-called Kawasaki-type dynamics in 

continuum. This dynamics is a Markov process on F in which particles hop over 
R'^ so that, at each jump time, only one particle changes its position. For a 
study of an equilibrium Kawasaki dynamics in continuum, we refer the reader 
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to the papers [TTmSllTTlfTSll^l^ and the references therein. Under the so- 
called balance condition on the jump rate, a proper Gibbs distribution is an 
invariant, and even symmetrizing measure for such a dynamics, see [13) . To 
obtain a simpler measure, e.g. Poissonian, as a symmetrizing measure for a 
Kawasaki-type dynamics, we should either suppose quite unnatural conditions 
on the jump rate, or consider a free dynamics. In the free Kawasaki dynamics, 
in the course of a random evolution, each particle of the configuration randomly 
hops over W^ without any interaction with other particles (see [19] for details). 
In the dynamics of binary jumps, at each jump time two points of the (in- 
finite) configuration change their positions in W^. A randomness for choosing 
a pair of points provides a random interaction between particles of the system, 
even in the case where the jump rate only depends on the hopping points (and 
does not depend on the other points of the configuration) . A Poisson measure 
may be invariant, or even symmetrizing for such a dynamics. In the first part 
of the present paper [10] , we considered such a process with generator 

(L^)(7)= V / Qixi,X2,dhixdh2) 

X (F(7 \ {xuX2) U {xi +hi,X2 + h2}) - F{j)) . (1.1) 

Here, the measure Q{xi,X2,dhi x d/i2) describes the rate at which two parti- 
cles, xi and X2, of configuration 7 simultaneously hop to Xi + hi and X2 -t- /12, 
respectively. Under some additional conditions on the measure Q, we studied 
a corresponding equilibrium dynamics for which a Poisson measure is a sym- 
metrizing measure. We also considered two different scalings of the rate measure 
Q, which led us to a diffusive dynamics and to a birth-and-death dynamics, re- 
spectively. 

In the present paper, we restrict our attention to the special case of the 
generator (|1.1|) . We denote the arrival points by y^ = Xi + hi, i = 1,2. An 
(informal) generator of a binary jump process of our interest is given by 

(LF)(7)= y2 c{xi,X2,yi,y2) 

X (F (7 \ {xi,X2} U {2/1, y2}) - F {-t))dyidy2. (1.2) 

Here 

c{xi,x2,yi,y2) = c({xi,x2} ,{yi,y2}) (1-3) 

is a proper non-negative measurable function. Our aim is to study a non- 
equilibrium dynamics corresponding to (jl.2p . Note that the Poisson measure 
with any positive constant intensity will be invariant for this dynamics. If, 
additionally, 

c{{xi,X2},{yi^y2}) = c({yi,y2},{a;i,a;2}), (1.4) 

then any such measure will even be symmetrizing. 
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It should be noted that similar dynamics of finite particle systems were 
studied in [2l|3l[T4]. In particular, in [3], the authors studied a non-equilibrium 
dynamics of velocities of particles, such that the law of conservation of momen- 
tum is satisfied for this system. However, the methods applied to finite particle 
systems seem not to be applicable to infinite systems of our interest. 

Let us also note an essential difference between lattice and continuous sys- 
tems. An important example of a Markov dynamics on lattice configurations 
is the so-called exclusion process. In this process, particles randomly hop over 
the lattice under the only restriction to have no more than one particle at each 
site of the lattice. This process may have a Bernoulli measure as an invariant 
(and even symmetrizing) measure, but a corresponding stochastic dynamics has 
non-trivial properties and possesses an interesting and reach scaling limit behav- 
ior. A straightforward generalization of the exclusion process to the continuum 
gives a free Kawasaki dynamics, because the exclusion restriction (yielding an 
interaction between particles) obviously disappears for configurations in contin- 
uum. To introduce the simplest (in certain sense) interaction, we consider the 
generator above. 

The generator (jl.2p informally provides a functional evolution via the (back- 
ward) Kolmogorov equation 



= LFt, Ft l^^o- ^0. (1.5) 



dt 

However, the problem of existence of a solution to ()1.5|) in some functional space 
seems to be a very difficult problem. Fortunately, in applications, we usually 
need only an information about a mean value of a function on T with respect to 
some probability measure on F, rather than a full point-wise information about 
this function. Therefore, we turn to a weak evolution of probability measures 
(states) on F. This evolution of states is informally given as a solution to the 
initial value problem: 

-j^^{F-, l^t) = {LF, lit) , AitL=o=^0' (1-^) 

provided, of course, that a solution exists. Here (F, /i) = J-^ F{'y)djj.{'y). 

The problem (jl.6p may be rewritten in terms of correlation functionals kt 
of states fit- The corresponding dynamics of an infinite vector of correlation 
functions has a chain structure which is similar to the BBGKY-hierarchy for 
Hamiltonian dynamics. The corresponding generator of this dynamics has a 
two-diagonal (upper-diagonal) structure in a Fock-type space. Note that the 
most important case from the point of view of applications, being also the most 
interesting from the mathematical point of view, is the case of bounded (non- 
integrable) correlation functions. Because of (|1.6p . the dynamics of correlation 
functions should be treated in a weak form. Therefore, we consider a pre-dual 
evolution of the so-called quasi-observables, whose generator has a low-diagonal 
structure in a Fock-type space of integrable functions. 

The paper is organized as follows. In Section 2, we describe the model and 
give some necessary preliminary information. Section 3 is devoted to the func- 
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tional evolution of both quasi-observables and correlation functions. We derive 
some information about the structure and properties of the two-diagonal gener- 
ator of the dynamics of quasi-observables f Propositions 13. I land l3.3p . We further 
prove a general result for a low-diagonal generator, which shows that the evolu- 
tion may be obtained, for all times, recursively in a scale of Banach spaces whose 
norms depend on time fTheorem l3.5p . Next, we construct a dual dynamics on a 
finite time interval (Theorem l3.6p . We show that this dynamics is indeed an evo- 
lution of correlation functions, which in turn leads to an evolution of probability 
measures on F (Theorem 13. 9p . In Section 4 we consider a Vlasov-type scaling 
for our dynamics. The limiting evolution (which exists by Proposition I4.4|) has 
a chaos preservation property. This means that the corresponding dynamics 
of states transfers a Poisson measure with a non-homogeneous intensity into a 
Poisson measure whose non-homogeneous intensity satisfies a non-linear evolu- 
tion (kinetic) equation. We finally present sufficient conditions for the existence 
and uniqueness of a solution to this equation (Proposition I4.6P . 

It is worth noting that we rigorously prove the convergence of the scaled 
evolution of the infinite particle system to the limiting evolution (which in turn 
leads to the kinetic equation). This seems to be a new step even for finite 
particle systems. 

2 Preliminaries 

Let B{R'') be the Borel cr-algebra on M'', d G N, and let Hb(M'') denote the 
system of all bounded sets from B{M.'^). The configuration space over M.'^ is 
defined as the set of all locally finite subsets of K.'*: 

F := { 7 C M'' I |7a| < oo for any A e B^{R'') }. 

Here | ■ | denotes the cardinality of a set and 7a := 7 n A. One can iden- 
tify any 7 S F with the positive Radon measure "^xei^x G A^(IR.''), where 
Sx is the Dirac measure with mass at x, and A4(R'^) stands for the set of all 
positive Radon measures on B{M.'^). The space F can be endowed with the rel- 
ative topology as a subset of the space MIR'^) with the vague topology, i.e., 
the weakest topology on F with respect to which all maps F 3 7 h^ (/, 7) := 
/ad f{x)l{dx) = J^xG'y f{^)j f £ Co{R'^), are continuous. Here, Co(M'') is the 
space of all continuous functions on M'* with compact support. The correspond- 
ing Borel (T-algebra S(F) coincides with the smallest cr-algebra on F for which 
all mappings T B j 1-^ \ja\ GNq :=NU{0} are measurable for any A G Bh{R'^), 
see e.g. [1]. It is worth noting that F is a Polish space (see e.g. [16]). 

Let TcyiiT) denote the set of all measurable cylinder functions on F. Each 
F G J^;yi(F) is characterized by the following property: F{'j) — -F'(7a) for some 
A G Sb(R'^) and for any 7 G F. 

A stochastic dynamics of binary jumps in continuum is a Markov process 
on F in which pairs of particles simultaneously hop over R"^, i.e., at each jump 
time two points of the configuration change their positions. Thus, an (informal) 
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generator of such a process has the form (|1.2p . where c{xi,X2,yi,y2) is a non- 
negative measurable function which satisfies (|1.3p and 



c{xi,X2,-,-) e ^1^00(1^'' X K'') for a.a. a;i,X2 G R'^. 

The function c describes the rate at which pairs of particles hop over W^. 
Remark 2.1. Note that, in general, the expression on the right hand side of (II. 2p 
is not necessarily well defined for all 7 G F, even if F G Jcyi(r). Nevertheless, 
for such F, (LF) (7) has sense at least for all 7 G F with I7I < cx). 

In various applications, the evolution of states of the system (i.e., measures 
on the configuration space F) helps one to understand the behavior of the process 
and gives possible candidates for invariant states. In fact, various properties of 
such an evolution form the main information needed in applications. Using the 
duality between functions and measures, this evolution may be considered in a 
weak form, given, as usual, by the expression 



{F,pi)=J F{^)dfi{^). (2.1) 



T 

Therefore, the evolution of states is informally given as a solution to the initial 
value problem: 

d 

di' 

provided, of course, that a solution exists. For a wide class of probability mea- 
sures on F, one can consider a corresponding evolution of their correlation func- 
tionals, see below. 

The space of n-point configurations in an arbitrary Y G S(M'^) is defined by 



-{F,iit)^{LF,iit). litl^=lio, (2.2) 



<^){Y):=iri(lY |r/| = n|, n G N. 



We set T^°\Y) -.^ {$}. As a set, F(")(r) may be identified with the quotient of 
y" := {(a;i, . . . , x„) G Y" I Xk ^ a;; if fc 7^ /} with respect to the natural action 

of the permutation group S'„ on F". Hence, one can introduce the corresponding 
Borel cr-algebra, which will be denoted by S(F'^"^(y)). The space of finite 
configurations in an arbitrary Y G 6(R'') is defined by 

Fo(y):= IJ F(")(y). 

nSNo 

This space is equipped with the topology of the disjoint union. Therefore, 
we consider the corresponding Borel a-algebra i3(Fo(y)). In the case where 
Y = W^, we will omit the index Y in the notation, namely, Fq = Fo(M'^), 

p(n) ^p(n)(jgd)^ 

The image of the Lebesgue product measure (da;)" on (F("),i3(F^"))) will 
be denoted by m^"). We set m^"^ :— 5{$}. Let 2; > be fixed. The Lebesgue- 
Poisson measure \z on Fq is defined by 

00 „ 
A.:=^i^m("). (2.3) 

n=0 
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For any A G Bb(K'*), the restriction of A^ to r(A) := ro(A) will also be de- 
noted by Xz. The space (F, S(F)) is the projective limit of the family of spaces 
|(F(A),B(F(A)))}^ ,^^y The Poisson measure TTx on (F,i3(F)) is given as the 

projective limit of the family of measures {t^z} AeB^iv.'') y where tt^ :— e^^"^^-^''\z 
is a probability measure on (F(A),i3(F(A))) and to(A) is the Lebesgue measure 
of A G i3b(M''); for details see e.g. [I]. We will mostly use the measure A := Ai. 

A set M G S(Fo) is called bounded if there exist A G i3b(M'^) and A^ G N 
such that M C |J„_q F*^")(A). The set of bounded measurable functions with 
bounded support will be denoted by i3bs(Fo), i.e., G G i?bs(Fo) if G |"ro\Af= 
for some bounded M G /B(Fo). We also consider the larger set L['g(Fo) of all 
measurable functions on Fq with local support, which means: G G L[|,(Fo) if 
G tro\r(A)= for some A G Sb(R''). Any i3(Fo)-measurable function G on 
Fq is, in fact, defined by a sequence of functions {C^"^}^ j^ , where G^"^ is 
a S(F'^"^)-measurable function on F*^"^ Functions on F and Fq will be called 
ohservables and quasi-observables, respectively. 

We consider the following mapping from L['g(Fo) into J^;yi(F): 

iKG)i-f):=J2Giv), leT, (2.4) 

where G G Li!,(Fo), see, e.g., [T5ll23p24j . The summation in (|2.4p is taken over ah 
finite subconfigurations r; G Fq of the (infinite) configuration 7 G F; we denote 
this by the symbol 77 g 7. The mapping K is linear, positivity preserving, and 
invertible with 

(X-iF)(ry)=^(-l)l''\«lF(0, ^GFo. (2.5) 

Remark 2.2. Note that, using formula (|2.5p . we can extend the mapping K^^ 
to functions F which are well-defined, at least, on Fq. 

Let Aif^{T) denote the set of all probability measures /i on (F, B{T)^ which 
have finite local moments of all orders, i.e., /p |7A|"M(d7) < -foo for all A G 
Bb{M.'^) and n G Nq. A measure p on (Fo,/B(Fo)) is called locally finite if 
p{A) < 00 for all bounded sets A from Z?(Fo). The set of all such measures is 
denoted by A4if(Fo). 

One can define a transform K* : A^fjj^(F) -^ A^if(Fo), which is dual to the 
iiT-transform, i.e., for every ^ G Ml^{T) and G G ;Bbs(ro), we have 



(ifG)(7)M(rf7) = / G(ry)(X»(d77). 
r Jfo 

The measure p^ := K* fi is called the correlation measure of fx. 

As shown in [15,, for any p G A^f^(F) and G G L^(Fo,/3^), the series ([2^ 
is /z-a.s. absolutely convergent. Furthermore, KG G L^{r,p,) and 

Giv)p^idv)= fiKG)i^)pid-f). (2.6) 
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A measure /x G Mf^{T) is called locally absolutely continuous with respect 
to TT := TTi if /i^ := // o p^^ is absolutely continuous with respect to tt^ := tt^ 
for all A e BbiR''). Here T 3 7 k^ pa(7) := 7 n A e r(A). In this case, 
the correlation measure p^ is absolutely continuous with respect to A = Ai. A 
correlation functional of /x is then defined by 

dpf. 



kf^iv) ■= ■^('?)' '^ ^ To. 



The functions fc/i := 1 and 



(0) ._ ^ ^ 

fc(") : (M'')" — > R+, n G N, (2.7) 



(„), \k^{{xi,...,Xn}), if (xi,...,x„) e (M'^)" 

10, otherwise 

are called correlation functions of fj,, and they are well known in statistical 
physics, see e.g f26|, f27|. 

In view of Remark 12.11 and ()2.5p , the mapping 



{LGM := {K-'LKG){v), V e Tq, 

is well defined for any G E B-t,s(ro), where K^^ is understood in the sense of 
Remark [2:2] 

Let fc be a measurable function on To such that J„ A; dA < 00 for any bounded 
B E B{ro). Then, for any G G i3bs(ro)i we can consider an analog of pairing 

dO), 



((G, fc)) := / G-kdX. (2.8) 

Jro 

Using this duality, we may consider a dual mapping L* oi L. As a result, we 
obtain two initial value problems: 

—jT— = LGt, Gt |j^Q= Go, (2-9) 

^ ((G, fc,)) = ((G, L*kt)) = {{LG, h)), h Lo= fco. (2.10) 

We are going to solve the first problem in a proper functional space over Fq. 
The second problem, corresponding to (|2.2p . can be realized by means of (|2.8p . 
or solved independently. 

The next section is devoted to a (rigorous) solution of these two problems. 



3 Functional evolution 

We denote, for any n E N, 

A:„:=:L1 ((»'')", da;(")), (3.1) 
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where we set dx^"'^ = dxi ■ ■ ■ dx„ and Xq := R. The symbol || • |lx„ stands for 
the norm of the space (|3.ip . 

For an arbitrary C > 0, we consider the functional Banach space 

Cc:^L\ro,C^'^^dX{fj)). (3.2) 

Throughout this paper, the symbol ||-||£ denotes for the norm of the space 
(|3.2p . Then, for any G G Cc, we may identify G with the sequence (G'^"^)„>o , 
where G*^"-* is a symmetric function on (M"*)" (defined almost everywhere) such 
that 

\\G\\cc=^- |G(")(x("))|C"rfa;(") = ^-^||G(")||^ <oo. (3.3) 

In particular, G'"' G X„, n G Nq. Here and below we set cc'"' = [xi, . . . , a;„). 

We consider the dual space {Cc)' of Cc- It is evident that this space can be 
realized as the Banach space 

/Cc :={A::ro^R | fc • G^l'l eL°°(ro,dA)} 

with the norm ||fc||;cc •= l|fc(')^~ lli°°(ro.A)j where the pairing between any 
G e Cc and k € /Cc is given by (j2.8p . In particular, 

|((G,fc))|<||G||c-||fc|ke. 

Clearly, fc S /Cc implies 

|A:(?])| < llfcllKc d"! for A-a.a. ry G Tq. (3.4) 

Proposition 3.1. Let for a. a. xi,X2,yi G M.'' 

c(a;i,X2,yi) = c({xi,a;2},yi) := / c{xi,X2,yi,y2)dy2 < oo. (3.5) 

Then, for any G G -Bbs(ro); ^^^c following formula holds 

[LG) (77) = (LoG) (77) + (M^G) (77) , (3.6) 

w/iere 

(LoG)(?;)= y2 c{xi,X2,yi,y2) 

X (G(r;\{a;i,X2}U{2/i,y2})-G(77))dyidy2, (3.7) 

{WG){ii)= Y. Y. I c(xi,a:2,2/i) 

X (G ((r; \ 0:2) \ xi U 2/1) - G (77 \ X2))d2/i. (3.8) 
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Proof. We have, for F — KG, 

(KG) (7 \ {xi,X2} U {z/i, y2}) - (KG) (7) 
E G{v)-Y,G{v) 

V^'r\{xi.X2}U{yi,y2} V^-y 

= Y. G(r,U2/i)+ Y. G{r,\Jy2) 

r](^^\{xi,X2} rim^\{xi,X2} 

+ Y G (?7 U yi U 2/2) - E G(77Uxi) 
Y G(ryUx2)- ^ G (77 U xi U 2:2) 

?)g7\{xi,X2} rim^i\{xi,X2} 

= (if (G (• U yi) + G (• U 2/2) + G (• U {2;i, y2}) 

-G (• U xi) - G (• U 2:2) - G (• U {xi, a;2}))) (7 \ {a;i, a;2}) . 



d „ md 



Hence, for any measurable /i on F x R x 

ivT^M ^ ^(■\{a;i)2;2},a;i,X2) I (??) 

\{a;i,3;2}C- J 

= E(-i)''^^' E /i(a{^i,^2},a:i,x2) 

?Cr) {xi,X2}<ze, 

{xi,X2}Cr) £.'Zri\{xi,X2} 

= E (^"^/i(-,a;i,a;2)) (??\{xi,X2}). 

{xi,X2}C?) 

Therefore, 

(2g) (r;) = {K-'LKG) (rj) 

= E / / c({a;i,X2},{2/i,y2}) (G(T?\{xi,a;2}U2/i) 

{a:i,2:2}C?; 

+ G (ry \ {xi, 0:2} U y2) + G (?7 \ {xi, X2} U {yi,y2}))dyidy2 
~ E / / c({xi,X2},{yi,y2}) (G(77\{xi,X2}Uxi) 

+ G (77 \ {xi, X2} U X2) + G (77 \ {xi, X2} U {xi, X2}))dyidy2, 

froni where the statement fohows. D 

As we noted before, any function G on Tq may be identified with the infi- 
nite vector (G'-"-') . of symmetric functions. Due to this identification, any 
operator on functions on Fq may be considered as an infinite operator ma- 
trix. By Proposition 13. f) the operator matrix L has a two-diagonal structure. 



Binary jumps in continuum. II. Non-equilibrium process 10 



More precisely, on the main diagonal, we have operators Lq', n E Nq, where 
i[,°) = iW = and for n > 2 

n n 



X (g("'(xi, . . . ,2/1, . . . ,2/2, . . . ,a;„) - G(")(a;(")))(i2/irfy2. (3.9) 



On the low diagonal, we have operators W^"-\ n S N, where W'^^'' — and for 
n>2 



n n 



X (g^""^^ (a;i, . . . , Xi_i, Xi+i, . . . , 2/1, . • • , a;„) 

^ A 

- G^""^^ (xi, . . . , Xi.i, ij+i, . . . , Xn)jdyi. (3.10) 
Let us formulate our main conditions on the rate c: 

ci:=esssup / / c{xi,X2,yi,y2)dyidy2 < 00, (3-11) 

C2:=esssup / / c{yi,y2,xi,X2)dyidy2 < 00, (3-12) 

xi,X2&M'' Jm'' Jm'' 

C3: = esssup/ / / c{xi,X2,yi,y2)dyidy2dx2 < 00, 

aniGR'' JK<* JR'' "'r<* 

C4: = esssup/ / / c{yi,y2,xi,X2)dyidy2dx2 < 00. 

aniGR'' "'R'' "'R'' "'R'* 

Under conditions p.lll) - (|3.12p . we define the following functions 

ai{xi,X2) -.^ I / c (a;i,a;2,j/i, 2/2) c?2/i<i2/2 e [0,00), (3.15) 

a2(a;i,X2) : = / / c (2/1, 1/2, a:i, X2) ^2/1^2/2 e [0, 00). (3.16) 



(3.13) 
(3.14) 



Remark 3.2. Note that, if the function c satisfies the symmetry condition (|1.4I) . 
then conditions (I3.12p . p. 141) follow from p. 111) . p.l3p . respectively, and 

ai{xi,X2)^ a2{xi,X2). (3.17) 

In this case, the operator L^ is symmetric in L^((R'')"', dx^"-*). Moreover, the 
operator L given by (jl.2p is (informally) symmetric in LF'{T.,iTz) for any z > 0. 
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Proposition 3.3. (i) Let ([XTT]) . ([51^ hold. Then, for any G^") G X^, 



l|irG(")|U„<^^^(ci+c.)||G(")|| 



x„ 



Moreover, if additionally 

a2{xi,X2) < ai{xi,X2) for a. a. a:i,a;2 G M , 
i/ien Lq is the generator of a contraction semigroup in X„ 



(3.18) 
(3.19) 



(ii) Let (|3l3l) . (|3lll) /loW. T/ien, /or an?/ G^"-^) G X„_i, 

||M^(")g("-i)|U„ <n(n-l)(c3 + C4)||G("-i)||x„_,. (3.20) 



Proof The estimates (fXTS]) . ([3:201) follow directly from dSJ]), ([SJOl and (|3ll|) - 
()3.14p . To prove that the bounded operator Lq is the generator of a contraction 



semigroup in X„, it is enough to show that Lg is dissipative (see e.g. |25)). 
For any k > and G^") G X„, 

||4")g(")-kG(")||x„ 

c (a;i, a;j, 2/1, y2, ) G^"^ (xi, . . . , j/i, . . . , 2/2, • • ■ , a;„)dyidj/2 



dx^"^ 



n n 
z-l i-i+1 


n n 



^ ^ ai(x„a;,)G(")(x("))-«G(")(x(")) 

■i— 1 j^i-l-l 



> 



and, using the obvious inequality ||/ — .9||x„ > |ll/l|x„ — ||5l|x„|, we continue 

c{xi,Xj,yi,y2,) 



X G^"^ (xi , . . . , 2/1 , . . . , 2/2, ■ • ■ , a;„) dyidys 



// It II -. 

.R<ii" ^rrr .-rTT-, ^ 



i— 1 J— z+1 

Since G*^") is a symmetric function, we get 



dx^'' 



n n 

i— 1 j^i+l 



c(x,,,Xj,2/i,2/2,) 



X G^"' (a;i, . . . , 2/1, . . . , 2/2, . . . , Xn)dyidy2 



A A 



dx^'^ 



< = / a2(2/i,2/2) G(")(2/i,2/2,a;i,---,a;„_2) 



dyidy2dxi . . .dxn-2 ■ 
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Therefore, if ([51^ holds, then 

II4")g(")-«g(")|u„>..||g(")|U„, 

which proves the dissipativity of L^', see e.g. [5] Proposition 3.23]. D 

Remark 3.4. If the function c satisfies the symmetry condition (|1.4p . then p.l9p 
trivially follows from (|3.17p . 

In Theorems 13.51 and 13.61 below, we formulate general results which are ap- 
plicable to our dynamics under assumptions (I3.1ip - p.l4p . (|3.19p . 

Theorem 3.5. Consider the initial value problem 



(3.21) 



^Gt (r?) = (LoGt) iv) + (WGt) (ry) , t > 0, 7] e Tq, 

'^* L=o = ^0- 
Here, for any G={G^^^)^^^, 

(LoG)^"^ = 4"^G("\ n>l; 
{WGf'^ =T4^(")g("-i\ n>2; 
(ioG)(°) = {WG)'^°^ = (M^G)(i) = 0. 

Further suppose that Lq is a bounded generator of a strongly continuous con- 
traction semigroup e*^o in Xn, while W^^' is a bounded operator from X„_i 
into Xn whose norm satisfies 

IK^"^L _i^x <Bn{n-l), n>l, 

for some B >1 which is independent of n. 

Let G > and Gq G Cc- Then the initial value problem i3.21\) has a unique 
solution Gt e Cp{t,c); where 

P(^,C):^^. (3.22) 

Furthermore, 

WGtWc,,,^^, < WGoWcc- (3.23) 

Proof. Let us rewrite the initial value problem p.2ip as an infinite system of 
differential equations. Namely, for any n > 1, 

^Gi"^ (x(")) = (l[,")g^")) (x(")) + (T4^(")Gi"-'^) (x(")) (3.24) 
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with G\ = Gq . This system may be solved recurrently: for each n> 1 

+ f ('e(*-'')-^""V(")Gi"-i)) (a;("))ds. (3.25) 

Iterating p.25p . we obtain 

n 

G(")(x(")) = 5:(F,,,(t)G{,"-'=))(x(")), 

fc=0 

where Vk,n{t) : Xn-k ^ Xn is given by 

"'0 "'0 "'0 

for 2 < fc < n — 1, and 

F„,„(t)G("):=X{„=o}G("). 
Then, using the conditions on Lq and W^, for 1 < fc < n — 1, n > 2 



t^ 



\\VkAi)G^"'^^ 11^^ < Y^B'^nin - l)(n - l)(n - 2) • ■ ■ (n - fc + l)(n - fc) 

= ffp^fc "' (n-1)! II („_fc)|| 

^ ' k\{n - k)\ {n - k - l)V\ 11^"-'=' 

and ||yo,„(t)G(")||^, < ||G(")|U„ for n>l. Therefore, for n > 1, 

n-l 



"^" -^^^ fc!(n-fc)! (n-fc-l)!ll ll^--^ 

-Vftmf"-^^ "' ^""^^' llG^^^II f3 26) 



fc=i 
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Then, for any q{t) > 0, 




Gt r 




n=l 






(n-1)! 
(fc-1)! 


oo oo 
fe=l ■ n=fe ^ ^' 


(n-1)! 
(fc-1)! 


fe=l n=0 ^ 


-1)! 
-1)! ■ 


Now, let q{t) = — -. For any x £ [0, 1) and to e N, 

1 + BCt 




( 1 T""' V «(" + "^)! 




Vl-x/ ^ niTO! ■ 





n=0 

Applying this equality to a; = q{t)BCt < 1 and to, = fc — 1, we obtain 



„^o .„;(fc-l)! Vl-g(t)BCt, 



Therefore, 






which proves the statement. □ 

In fact, we have a linear evolution operator 

V{t) -.Cc -^ Cp^t,c), 
satisfying Gt = V{t)Go and 

rWll£c^£p(.,c, < 1 (3-27) 

Theorem 3.6. Let the conditions of Theorem \3.5\ be .satisfied. Further suppose 
that there exists A > such that \\Lq \\x„^x„ < An{n— 1), n > 1. Let Cq > 0, 
fco G ICca, T — -grj- . Then for any t G (0,T), there exists kt G ICct with 



"' - T^f <""' 
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such that, for any G E i3bs(ro), 

j^{{G,kt)) = {{{Lo + W)G,h)), te{0,T). 
Moreover, for any t S (0,T), 

||fc*lkc, <l|fcolkco- (3-29) 

Proof. Let t G (0, T) be arbitrary. The function f{x) — p{t, x) — Yrfjj, x > 0, 
increases to j^ as a: — > +oo. Since Cq < -^, there exists a unique solution 
to f{x) = Co, namely, x = Ct, given by (|3.28l) . Take any Gq e jCcf By 
Theorem 13. 5[ there exists an evolution Gq h- G^ for any r > such that 
Gt- e CpiT-Ct)- Consider this evolution at the moment t = t. Since 

p(^,C.) = ^^^Go, (3.30) 

we have Gt G C,Co- Therefore, ((Gt, fco)) is well-defined. Moreover, by p.23p . 

<||Go||£eJ|fcolkco- (3-31) 

Therefore, the mapping Go i— >■ ((Gt, fco)) is a linear continuous functional on the 
space Ccf Hence, there exists kt G /Cct such that, for any Go G Cc-^ 

((Go, h)) = {{Gt, fco» = {{V{t)Go, fco)). (3.32) 

We note that kt depends on ko and does not depend on Gq. Further, p.3ip 
implies ([3:291) . 

Let now Go G Bhsi^o)- Consider a function g — goo.ko ■ [0,r) — > M, 
git) := ((Gt, fco)) = ((Go, fc*)). We have 

git) = ((Gt,fco)) = E ^ / G(")(x("))fc(")(a;("))dx("). (3.33) 

By (I33T|) . for any [0,r'] C [0,T), 

|((Gt,fco))|<||Go|ke^,||fco|kco, ie[0,T']. 

Hence, the series p.33p converges on [0,r']. Using the well-known representa- 
tion 

e*^o"'Go = Go+ / e"^o"'4"^Gods (3.34) 
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(see e.g. [51 Lemma 1.3 (iv)]), we derive from p.25p and Fubini's theorem: 






^) 



(e*^o"'G^"))(x("))fc(")(x("))dx('^ 



^(R'i) 



J{M'') 
t 



(e(*--)4"V(")Gi"-i))(a;("))fc^")(a;("))dx(")ds. (3.35) 

Since Lq : Xn -^ Xn and M^(") : X„_i — s> X„ arc bounded, the functions 
inside the time integrals are continuous in s. Therefore, by p. 351) and p.25p , 
gn{t) is differentiable on (0,T) and 



"'(R'')'' 



9'nit) = / (4"^e*^o"'G(")) (x("))fc(")(a:("))dx(") 

(4")e(*-^)^o"V(")Gi"-i))(a;("))fc("^(x("))dx(")ds 

(4")Gl"))(a;("))fc(")(x("))da:(")ds 
(l^(")Gi"^')) (a;("))fc("^(x("))(ix("'(is. (3.36) 



5d)n 



Hence, for any n > 2, 

l5a^)l < ||fcolkcoCoM'^-l)(^liG.|U„+i?||G*||x„_0. 
Analogously to the proof of Theorem 13. 5[ we obtam, for all t G [0,T'] C [0,T), 

oo ^ 



1 " 

n=l 



< const . y ^CJ^^n ~ 1) y (fi3)(»-fe)_4_i!^^ llG^'') 11 ^ 
zL^ „! V ;^^^ ; (n-fc)!/c! (fc-l)!" ° "-^fc 



< const. fiiiGriL yGg(r-i?)("-^) ;("-;) ;?-;;; 

^^fc!" " iiXfc ^ uv ; (n-fc)!(fc-l)! 

K. — 1. 71 — fC 
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.^ cf V^^oii^Wii '^ r^n/rj,, p^n (n + fc - 1) (n + fc)! 



k=l 



k\ II " IIX, ^ uv y j^, ^^_-^^ 



since Go G i3bs(ro) (and so there exists X G N such that Gq = for all k > K) 
and the inner series converges as CqT'B < 1. 

Hence, g{t) is difFerentiable on any [0,r'] C [0,r). Next, (j?:^ . ^Ml, and 
(P:77l) imply that 

g'it) = ^ ((Gt, fco)) = {{{Lo + W)Gt, fco)) (3.38) 

and, moreover, (Lq + W)Gt G £co- Therefore, using p. 321) . p.38p and the 
obvious inclusion (Lq + W)Gq G Cct^ we obtain 

^ ((Go, kt)) = ^ ((G*, fco)) = (((Lo + W)Gt, fco)) = (((Lo + W^)^(i)Go, fco)) 
= {{V{t)iLo + W)Go, fco)) = (((Lo + M/)Go, fc*)), 

provided 

(Lo + W)V{t)Go = Vit){Lo + W)Go. (3.39) 

To prove p.39p . we consider, for each A^ G N, the space Xat ;— X„ with 

n=0 

TV 

the norm || • ||x„ := E || • |k„. For any G G X^v, G = (G^, . . . ,G(^)), we 

n=0 

define the following function on Fg: 

lArG:=(G(°\...,G(^\0,0,...). 

For any function G on Fo, G = (G(°), . . . , G^"', . . .), with G^"' G X„, we define 
the following element of Xjv : 

PArG:=(G("\...,G(")). 



The system of differential equations p.24p for 1 < n < TV can be considered as 



one equation 4fGt = LatG* in X^r with 



hN:=FNiLo + W)lN. 

Clearly, Ljv is a bounded operator in X^y. Hence, there exists a unique vector- 
valued solution of this equation, Gt = e*^"Go. The n-th component of Gt, i.e., 
G( , coincides with the G^ obtained in Theorem 13. 5[ for each < n < iV, 
where Go = ItvGq. More precisely, for < n < TV, 

(F(i)Go)("' - (lAre*^"Go)(") - (e*^"Go)("^ = (e*'^"P7vGo)("^ (3.40) 

It is well known that a bounded operator Lat commutes with its semigroup e*"^" . 
Note also that, for < ?i < A^, G^") = (PArG)("). Therefore, for all iV > 1, 
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< n < TV, and for Go ~ IwGo, we obtain 

((Lo + W^)y(i)Go)("' = {VNiLo + Ty)V(t)Go)(") = (Lwe*^"Go)("^ 

^{V{t){Lo + W)GoY"\ 

where in the last equahty we apphed p.40p for {Lq + W)Go instead of Gq. 
Hence, ([339]) holds. D 

Remark 3.7. Note that the initial value problem -j^kt = L*kt, kt\._. ~ kt-^ G 

JCct for some ti < T = , has a solution only on the time interval [ti,ti + 

^ -dCo 

Ti) = [t,,n since Ti = -^^ = l_|g^ =T-ti. 

Remark 3.8. Using an estimate analogous to fl3.37p . one can show that — - — e 

ot 
^p{t,c) if Go belongs to i3bs(ro) (or even to a larger subset of Cc)- 

Thus, by Theorems [33] and [SH under conditions (IXTT|) - (iXTI)) . (jXTO)) for 
the binary jumps dynamics with generator (II. 2p we have the evolution of quasi- 
observables and the corresponding dual one. We will now show that the latter 
evolution generates an evolution of probability measures on F. 

Theorem 3.9. Let ([5TT|) - ([XTi)) and (IXTO)) hold. Fix a measure fi £ Xfni(r) 
which has a correlation functional /c^ G ICco? ^o > 0. Consider the evolution 
kfj, 1-^ kt £ K-Ct, t G i^jT), where T — l/(c3 + C4)Go. Then, for any t £ 
(0, T), there exists a unique measure fit G A4f^{T) such that kt is the correlation 
functional of fit . 

Proof. We first recall the following definition. Let a measurable, non-negative 
function k on To be such that /^^ k{rf) dX{rf) < cx) for any bounded M G B{To). 
The function k is said to be Lenard positive definite if ((G, k)) > for any 
G G i?bs(ro) such that KG > 0. It was shown in [53] that any such k is the 
correlation functional of some probability measure on F. If, additionally, k G /Cc 
for some G > 0, then this measure is uniquely defined (cf. [22]) and belongs to 
Aif^{T) (cf. [13]). Therefore, to prove the theorem, it is enough to show that 
kt is Lenard positive definite for any t G (0,T). 

Since the measure fi G Ai}^{T) has the correlation functional k^, fi is locally 
absolutely continuous with respect to tt, and for any A G i?bs(ro) and A-a.a 

7f G r(A) 

^iv)=f (-l)l«lfcp(^UOdA(e), (3.41) 

"-^ "'r(A) 

see [m Proposition 4.3]. Since kf, G ICcg, we have, by ([OT]) . ((O)) . and ([23]) . 

^(r?)<||fc,lkcoe^«'"('^)Gl''l (3.42) 
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for A-a.a rj G r(A). 

We fix Aq G ;Bb(M'*) and consider tlie projection /^o '■= M^" on r(Ao). By 
dSUl), for A-a.a. ?/ G r(Ao) 

Roiv)--=^iv)<AoCl^\ (3.43) 

where Aq := ||fcp||K;c e'-^°"^''^°\ Clearly, /iq may be considered as a measure on 
the whole of F if we set Rq to be equal to outside of r(Ao). Hence, 

MA) = / Ro{v)dX{v), A G B{r). 

Jr(Ao)nA 

On the other hand, Rq being extended by zero outside of r(Ao) can also be 
regarded as a S(ro)-nieasurable function. Evidently, that in this case < Rq ^ 
L^(To,dX) with /^ RodX = 1. Note that 

ko := lr(Ao)fcM e ^Co (3-44) 

is the correlation functional of /io- Here and below, 1a stands for the indicator 
function of a set A. By 15, Proposition 4.2], for A-a.a. rj G r(Ao) 



fco(r/)=/ RoivU^dXiO- (3-45) 

"'r(Ao) 

There exists an A^^o e N such that J,f^a)N„ Rq'^"^ dx'-^"'^ > (otherwise Ra = 
A-a.e.). We set 



i?o(^)rfA(r,)G(0,l]. 

|«0 p(„) 

For each A'^ > iVo, we define 

Ro,Niv)--T^{\v\<N}{v)Mv)( [ Ro{v)dX{r,)) . (3.46) 

Then, clearly, < Ro,n £ L^(ro,dX), with /p Rq^n dX ~ 1. Moreover, i?o,JV 
has a bounded support on Fq. By p.46p and p. 431) we have 

Ro,n{v) < r-'Ro{ri) < r-^AoC^^'^ (3.47) 

for A-a.a. 77 G Fq. 

We define a probability measure ^q.n G -^fm(-'^)' concentrated on Fq, by 
dfJ.Q.N = Ra.NdX. By [151 Proposition 4.2], the correlation functional fco.Af of 
/io,Af has the following representation 



ko,Niv)= / i?o,Jv(^UOrfA(0 (3.48) 

•^r(Ao) 
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for A-a.a. rj £ r(Ao). It is evident now that ko^N has a bounded support 
on Fq. Moreover, by p.45p . p.48p . and the first inequality in (I3.47p . we get 
ko,N < f fco e I^Co and 

||fco,iv|kco<;l|fcolkco- (3.49) 

By the definition of a correlation functional, for any G G i3bs(ro) 



\{{G,ko))-{{G,ko.N))\ = 



rn 



{KG){fi){Ro{v) - Ro,N{v))dX{v) 



<D il + \r,\)"\Roiv)-Ro.N{v)\dXiv) (3.50) 

"'r(Ao) 

for some D = D{G) > and M = M{G) £ N (see [ISl Proposition 3.1]). By 
(EUl), Ron{v) -^ ■Ro(t7) for A-a.a. 77 £ r(Ao). Furthermore, by ([gTig]) and 
(EZD, 

\Roiv)-Ro,Niv)\<M^ + r'')cl''^. 
By (ESI), 

/ (1 + |r7|)^^ci"'dA(r;) < 00. 
"'r(Ao) 

Therefore, by the dominated convergence theorem, (13.501) yields 

lim ((G,fco,Ar)) = ((G,fco)). (3.51) 

AT— ^00 

As before, we identify a function F on Fq with a sequence of symmetric 
functions F^"'> on (R'^)", n e No. Fix any G £ Bbs(Fo) and let F be the 
restriction of KG to Fq. Then there exist A = Af £ i3b(M''), M = Mp e M, 
and D = Dp > such that for all rj gTq, 

\F{r])\ = \F{7] n A)| < D{1 + \7] n A|)^ 

(see [ini Proposition 3.1]). In particular, F*^"^ is bounded on (R"*)" for each n. 
We restrict the operator L given by (|1.2p to functions on Fq. This restriction, 
Lo, is given by p.7p . 

We define, for any i? £ Li(Fo,A), the function L^i? on Fq by (L5i?)(") := 
(Xq )*i?("\ where (ig )* is given by the right hand side of p.9p in which 
c{xi,Xj,yi,y2) is replaced by c(yi, 2/2, a^i, 2;^). Analogously to the proof of Propo- 
sition [231 we conclude that (ig )* is a bounded generator of a strongly con- 
tinuous semigroup on Xn = L^((K'')"', dec'"'). In the dual space X* := 

i°°((K'^)",da;(")), we consider the dual operator to (Lg )*, which is just the 
Xq given by (|3.9p . It is easy to see that, under condition (13. lip . L^ is a 
bounded operator on X*. Note that ig 1 = ^ implies 
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To show that e^'^^o > preserves the cone X^ of all positive functions in X„, 

-(n)\* _ 



we write (Lq ')* = Li + L2, where 



n n 



X i?("^ (xi, . . . , yi, . . . , 2/2, ■ • ■ , Xn)dyidy2 



3 



and 

Cn n \ 

1=1 j=i+l / 

Clearly, Li and L2 are bounded operators on X„. Since c > 0, ii preserves the 
cone X+, hence so does the semigroup e*^^ . Since L2 is a bounded multiplica- 
tion operator, the semigroup e*^^ is a positive multiplication operator in X„. 
Therefore, e*'-^c) ) preserves X+ by the Lie-Trotter product formula. 
Therefore, if we define functions Rt.N, N > Nq (cf. p.46p ) on Fq by 

then < Rt,N £ i^(ro,dA) with /p i?t,ArdA = 1. Note that i?|"j| = for 
n > N. Therefore, we can define a measure flt^N G -'^fm(r), concentrated on 
To, by djit,N — Rt,NdX (in fact, the measure fit.N is concentrated on |J„^o ^ )■ 
We denote by kt^N the correlation functional of fit,N- 

For each function G on Fq we define XqG := (KG) fro- Take any Go G 
Bbs(ro) such that KGq > on F. We denote Fq := KqGo > on Fq. We have, 
by the definition of a correlation functional, 

((Go, kt,N)) = {KoGo, Rt,N) > 0. (3.52) 



On the other hand, if we define a function U{t)Fo on Fo by {U{t)Fo) 



(n) 



e*-^o Fq', we obtain 



N , N 



{Fo,R,.) = E i(^o^"^^*^"^) = E i(^o^"^e*^""^*4l) 



n! ' ■^ — ' n\ 

n=0 



N 



jL/.t4"'p(") p(") 



= E i^,(^''" Ft\RrN) - {U{t)Fo,Ro.N) 

n=0 

= ((Xo-iC/(t)/^oGo,fco,w)). (3.53) 

It is evident, by Proposition 13. 11 that 

(ifo"iC/(i)i^oGo)("' = gt(L("'+w<"))g(n) ^ (y(i)Go)("), (3.54) 

where V{t) is as in p.27p . 
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As a result, from (P^^ - ipTM]) . we get 

((Go,fct,w)) = ((Gt,fco,Ar)), (3.55) 

where Gt = V{t)Go. By (jMl, fco e /Cco- Hence, by Theorem EH for any 
t G (0,r), there exists kt G fCct such that 

{{Go,k))^{{Gt,ko)). (3.56) 

Note that here, for a given i e (0,T), we may consider Go € i3bs(ro) C >Cctj 
where Gt is given by (13:28)) . Then, by the proof of Theorem [3H Gt = V{t)Go € 
jCco- By (|3.55l) and (I3.56|) . to prove that 

{{Go,k))^ lim ((Go,fc,,jv)), (3.57) 

we only need to show that 

lim {{Gt,ko.N))^{{Gt,ko)). (3.58) 

The latter fact is a direct consequence of (J33T]) if we take into account that 
Gt G Cco ^-iid that the set -Bbs(ro) is dense in £co- Indeed, let us consider, 
for a fixed t € (0,T) and for any e > 0, a function G € i3bs(ro) such that 
||G — GtWcc'a < ^- Then, by p.5ip . there exists an iVi > A^o, such that, for any 

N >Ni 

\{{G,ko,N))-{{G,ko))\ <e. 

Therefore, by ^M^, for any N > Ni 

\{{Gt,ko,N))-{{Gt,ko))\ 
< ||G - G*|U,J|fco,iv|kc„ + |((G,fco^A.)) - ((G, fco))| + ||G - G.IU^JIfcolkco 



<£(r-i + l)||A:o||^ 



■Co 



which proves (|?351) . Therefore, (P37|) holds. Hence, by (153^ . kt =: fcf" is 
Lenard positive definite for any t e (0, T). 

As a result, for each A e Sb(M'*), the evolution fc^A i^ k^, t e {0,T), 
preserves positive-definiteness and {{Go,kf^)) = {{Gt,k^A)). On the other hand, 
by Theorem l3.61 we have the evolution kf^ i-^ kt,t G (0, T) satisfying ((Go, kt)) = 
{{Guk^)). 

Since /c^a = lr(A)fcA«) it is evident that, for any t € (0,r), {{Gt^k^h)) — > 
{{Gt,k^)) as A /• R'^. Therefore, 

{{Go,kt))= lim ((Go,fcf))>0. 

A/'R'i 

Hence, for each t E (0,r), there exists a unique measure fit G Mj^(r) whose 
correlation functional is kt. D 
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4 Vlasov-type scaling 

For the reader's convenience, we start with explaining the idea of the Vlasov- 
type scaling. A general scheme for both birth-and-death and conservative dy- 
namics may be found in jT] . Certain realizations of this approach were studied 

in [HEllHllg]. 

We would like to construct a scaling of the generator L, say L^, e > 0, such 
that the following requirements are satisfied. Assume we have an evolution T4(i) 
corresponding to the equation -grGt^e = LeGt.e- Assume that, in a proper func- 
tional space, we have the dual evolution V*{t) with respect to the duality (|2.8I) . 
Let us choose an initial function for this dual evolution with a big singularity 
in e, namely, k^ [ri) ^ e^™rQ{rii) as e — ;■ (77 G Fq), with some function tq, 
being independent of e. Our first requirement on the scaling i i— )■ i^ is that the 
evolution V* (t) preserve the order of the singularity: 

(F;(t)fc^"^)(77)-e-|"lrt(77) as e ^ 0, 77 G Fq, (4.1) 

where rt is such that the dynamics rg 1— >■ rt preserves the so-called Lebesgue- 
Poisson exponents. Namely, if ro{r/) — e\{po,r/) := Y[xeriPoix)j then rt{r]) = 
exiPt,"!!) — Ylx£7jPt{x)- (Here, HxgO ■— !■) Furthermore, we require that the 
Pt's satisfy a (nonlinear, in general) differential equation 

-pt{x) = vipt){x), (4.2) 

which will be called a Vlasov-type equation. 

For any c > 0, we set (RcG) (rj) — c^^^G (77). Roughly speaking, ()4.1|) means 
that 

ReV;{t)R,-iro^rt. 

This gives us a hint to consider the map R^LlR^-i , which is dual to 

^£,ron = R^-lL^R^. 

Remark 4.1. We expect that the limiting dynamics for Ri;V*{t)R^-i will pre- 
serve the Lebesgue-Poisson exponents. Note that the Lebesgue-Poisson expo- 
nent e\{pt), t > 0, is the correlation functional of the Poisson measure iTp^ on 
F with the non-constant intensity pt (for a rigorous definition of such a Poisson 
measure, see e.g. [T]). Therefore, at least heuristically, we expect to have the 
limiting dynamics: iTp^ 1—^ TTp^, where pt satisfies the equation (|4.2p . 

Below we will realize this scheme in the case of the generator L given by (|1.2|) . 
We will consider, for any e > 0, the scaled operator L^ = eL. Then, obviously, 
LgG = eLG = eLoG + eWG, where Lq and W are given by Proposition 13. II 

Proposition 4.2. For any e > 

Le,ren = sLq + W. (4.3) 
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Moreover, let (J3.11l) - p.l4p . p.l9p hold. Then, for any C > 0, the initial value 
problem 

d - 

dt (44) 



Gt,e L_n — Gq e G ^ 



\t=0 



c 



has a unique solution Gt.e £ ^p(t,C)j where p{t,C) is given by p. 221) . 
Proof. By Proposition O LqR, = R.Lq and VFi?^ = e-^ReW. Therefore, 



= eR^-iR,Lo + £-^£R^-iR^W = eLq + W. 

By Proposition I3.3[ (eLq) is a generator of a contraction semigroup in Xn for 
any n > 1. Hence, the statement is a direct consequence of Theorem 13.51 Note 
that the solution of (14. 4p can be found recursively: 



G 



(x(")) = (e^*^o"'G^"i) (x(")) 



and G["^, = 4% □ 

By gH), L^^,^^G{r]) -^ WG{r]) as e ^ (77 e Fq). Let (l3T3l) - ([3T4| hold. 
By Theorem 13. 5[ for any C > 0, the initial value problem 

^Gty iv) = (WGty) (rj) , 

ot (4.6) 

Gt,v\i^Q — Goy G Cc 

has a unique solution Gty G ^p(t,c) ■, with p (i, C) given by p. 221) . This solution 
can be constructed recursively, namely, Gly = G^y and 

G,("^)(x(")) - G^"|(x(")) + /* {w^"^Giy^) (xM)ds, n > 1. (4.7) 



Theorem 4.3. Suppose that conditions p.lip - p.l4p and p.l9p hold. Let C > 
and let {Go,^! Go,e, £ > 0} C £c &e such that 

||Go,e -Go,y||£^ ^0 ase^O. (4.8) 

Then, for any T > and any r < p{T, G), 

sup llGte-GtylL ^0 as e -^ 0. (4.9) 

te[o,T] ' ' " 
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Proof. By (|I3)) and (|i?7)) . we have 



II ^(n) _ Mn) II 

Jo 



< 



.,etL^"'' (n(n) ^{n) 



'^^'{Gtl-Gll) ^ + C 



x„ 



„EtL 



e-(*"^)4"V(")(Gi7i) - g1"-^^) 



(ge(t-.)L(")_^)p^(n)^(n^l) 



By Proposition 13.31 Lq is the generator of a contraction semigroup in X„, 
hence we continue 



^"'-1 


)gS 


n-l)N 


ds 


ds 

x„ 





^ llr"!") _ r'^") II -L 
— ||'-'o,e ^oyWxr, 



(e^*^o -l)Gf 



^(„)(g(„-l)_^(n-l)) 



ds 



^,1 



„e(t-s)L^" 



i)vf(")g 






^„ 



ds. 



-f™ 



By (|33)) . for any n G No 
G 



(") r-^") 



~7ll'^o,e ~ ^ 



o,v\\Xr 



< Go,e ^ Go,\ 



(4.10) 



(4.11) 






as e — !► 0. Since L. 



in) 



Hence, condition (|4.8p impUes that ||Go j — Gq 

is a bounded generator of a strongly continuous contraction semigroup on Xn 

and since Gg ^ € X„, we get from p.34p : 



sup 

te[o,T] 



e^*io 



1 G 



(n) 
O.V 



Xr, 



<r- cT^II r(")r'(") II 



as £ ^> 0. 



Next, by the inchision W^(")G^"y^^ G X„, formula ([531)) also yields that, for 
any fixed i > and any s G [0, t], 

(e^(*--)4"' _ l)M^(")Gi7'^ 



< r* " l|ii"V(")Gi"?JL dr 



x„ 



By Proposition 13. 3[ we continue with A 

fe(t-s) 



/O 

Cl +C2 



and 5 := C3 + C4: 



<ABn^(n-l) 



g: 



(»-i)ii 



dr 
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By p.3p . similarly to (|4.1ip . we estimate: 

<ABn^n-lf f ' (p(r, C))-("-i) (n - l)!||G.,,.|U^,^,,,dr 

For < s < i < T and < e < 1, by ((3?22]) and (13:23)) . we continue: 
< eTABn^ (n - if {p{T,C)r^--^^ [n - l)!||Go,y|Ue- 



Therefore, 



/■* 

sup / IKe-^^'-^^^o'" -1)i^(»)g("^i)||^ rfs^O as e ^ 0. 
te[o,T]Jo 



Suppose now that 
Then, by ^Ml, 



sup ||g|"'^^-G|V^^L _ ^0 ase^O. (4.12) 

tG[0,Tl ' ' " ^ 



sup / 

te[o,T] Jo 



ds 

x„ 



^(„)(g(„-i)_^(«-i)) 

<Sn(n-l)T sup ||g|""^^ -GIV^^L ^0 as e ^ 0. 

te[o,T] ' ' ""' 

Note that, for any t G [0, T], using (|4.1ip . we obtain 

As a result, by the induction principle, we conclude from (|4.10p that, for any 

nGNo, 

sup ||g|"^ -G|"^||^ ^0 ase^O. (4.13) 

te[o,T] 

Let now < r < p(T, G). Then 

sup ||Gt,e-Gt,y|L < V^ sup ||g|")-G|",)|L . (4.14) 

Hence, by (|4.13p and (j4.14p . to prove the theorem it suffices to show that the 
series (|4.14p converges uniformly in e. But the latter series may be estimated. 



Dy (|4.13p and (j4.14p . to prove 
ociico i|-j:.14p converges uniformly in e 
similarly to the considerations above: 



OO ^ 

"S^ ^ ^im /"llG^")!! 4- IIg("'II 



<^!_ sup ((p(t,G))-"n!||G,,4^ +(p(t,G))-"r.!||G 

OO ^ 

< (lIGo.V'lk^ +SUP IIGo.elUc) E(^^ 
since Go,£ — )> Go,y in Cc yields sup^^Q ||Go 



't,v\\ r 



< OO, 
£c < OO. □ 
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Proposition 4.4. Let the conditions of Theorem \3.6\ hold. Let Cq > 0, T = 
-g^, and {fco,y, A:o,e,e > 0} C /Cco- Then, for any t € {0,T), there exist 
functions {fct^y, /cj^e, e > 0} C ICct, with Ct given by p.28p . such that, for any 

G e Bbs(ro)/ 

-((G,fct,e)) - {{{eL^ + W)G,h^,)), g-^{{G,kty)) = {{WG,kty)). 

Moreover, \\kt,s\\Kct - ll^o.elkco ^ \\hy\\iCct - ll^o,y Ikco • V, additionally, 

lim ||fco,e - fco,y|kco = 0- (4-15) 

then for any T' G (0,T), tq > Ct' , and Gq G Cr^, 

sup I ((Go, kt^e - h.v)) I -^ as e -^ 0. (4.16) 

te[o,T'] 



Proof. The first part of the statement follows from Theorem 13.61 Since the 
function [0,r'] 9 i n- Gt is (strictly) increasing, we have {fct^y, /ct^e, e > O} C 
ICc^, C JCro- Moreover, by the proof of Theorem 13. 6[ for any Go G £,■„ C Cct, 



{{Go, fct,.)) = {{Gt,e, fco.s)), {{Go,kt,v)) = {{Gt,v,ko,v)), (4.17) 

where Gt^e and Gty are solutions to (|4.4p and (|4.6p . respectively. Therefore, by 
Theorem 13.51 {Gt.e,Gty} C Cp^t.ro)^ where the function p is given by (|3.22p . 
Since p is (strictly) increasing in the second variable and since r^ > Ct' , we 
have 

p{r,ro)>p{r,CT') = Co. 

Applying Theorem SJ with C = ro,r = Co,T = T' , and Go,e = Go,v = Gq we 

obtain 

sup ||Gt£-Gty|| ^0 as e -> 0. (4-18) 

te[o.T'] ' ' ^° 

Then, by gH]), 

sup \{{GQ,kt.s- kty))\^ sup \{{Gt,e,ko,e)) - {{Gt,V,kQy))\ 

te[o,T'] te[o,T'] 

< sup \{{Gt.e-Gt.v,ko,^))\+ sup |((Gt,y,fco.£ -/i;o,v))| 
te[o,T'] te[o.T'] 



< sup ||Gt,e-Gt,v|i£„ Iko 



tG[0,T'] 



ellKcn 



+ sup ||Gt,y||£cJi/co,e-fco,y|kc„- (4-19) 

te[Q.T'] 

Since fco.e ^> A:o,v in /Ccoj we get sup^^g ||fco,£|kco "^ °°- Then, by (|4.18p . the 
first summand in (|4.19p converges to as e — > 0. Next, by (|3.23p . 

||Gt,y||£c„ = \\Gt,v\\cp^t.ct) - ll'^olkct - ll^olkcy, < ||Go|l£,^. 

Hence, by (|4.15[) . the second summand in (|4.19p also converges to as e ^- 0, 
which proves the second part of the statement. D 
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We will now show that the evolution koy >-^ kty satisfies our second re- 
quirement on the initial scaling L n- L^, namely, ex{po,'i]) i~-> ex^ptTi]). 

Proposition 4.5. Let the conditions of Theorem lS. 6\ hold. Then for any G G 
^bs(ro) a'lT-d any k £ K-c with C > 0, 

{WG) (77) k {rj) dX (7?) = / G (r?) {W* k) (77) dA (77) , (4.20) 

To "'r,, 



whe 



(W*fc)(77) = ^ / / c{xi,X2,yi)k{ri\Jx2^xi\yi)dx2dxi 

- ^ / ai{xi,X2)k{r^\Jx2)dx2. (4.21) 

Here the functions c and ai are defined by (13. 5|) and p.lSp . respectively. 

Proof. First, we note that, under conditions p.lip - (|3.14p . for G e i3bs(ro) 
and k G /Cc both integrals in (j4.20p are well defined. Then, using (13.81) and 
e.g. [3 Lemma 1], we have 

/ iWG)irj)kirj)dXirj) 

J To 

= y2 c{xi,X2,yi)G{ri\xiLlyi)dyik{r]Dx2)dx2dX{ri) 

- / / V] / c{xi,X2,yi) G [t]) dyik {ri L) X2) dx2dX{7]) 

= y^ c {xi,X2,yi) G (77) fc (77 U X2 U xi \ ^1) dx2dxidX (77) 

- / / V" / c{xi,X2,yi)G{7])dyik{r]LIX2)dx2dX{7]) , 

which proves the statement. D 

Thus, for any pt G L°°(M''), 



iW*ex{pt)){'n) =^ex{pt,ri\y) / c(xi,a;2, y)pi(xi)pt(x2)d: 

-y]'eA(pt,77\2/)pt(y) / ai(y,a;2)pt(a;2)da;2. 

rTi JR<* 



On the other hand, if jrpt exists, then 



d d 

^eA(pt,7/) ^^ex{pt,ri\y)—pt{y). 

yeri 
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Therefore, there exists a (point-wise) solution kt — ex {pt , t]) of the initial value 
problem 

dkt 

-^ = W*kt, ktl^^=ex{po,v), (4.22) 

provided pt satisfies the non-linear Vlasov-type equation 

-^Pt (x) ^ / c{yi,y2,x)pt{yi)pt{y2)dyidy2 

-pt{x) ai{x,X2)pt{x2)dx2. (4.23) 



If the symmetry condition p.4p holds, then we may rewrite (I4.23P in the Boltzmann- 
type form 

j:;Ptix)= / / c{x,x2,yi,y2) 

Ot Jjg^d J^d Jjjd 

X [Pt {yi)Pt (y2) -Pt {x)pt {X2)] dyidy2dx2. (4.24) 

We are interested in positive bounded solutions of (|4.23|) . 

Proposition 4.6. Let C > and let < pa e L°°(M'*) with |bo||L-(R'') < C- 
Assume that p. lip and (J3.14I) hold and, moreover, 



c{y,ui,x,U2)duidu2 < / / c{x,y,ui,U2)duidu2. (4-25) 

Then, for any T > 0, there exists a function < Pf € L°°(R ), t G [0, T], which 
solves (|4.23p and, moreover, 

max ||pt||ioo(R.) <C. (4.26) 

This functions is a unique non-negative solution to (J4.23I) which satisfies (j4.26p . 

Proof. Let us fix an arbitrary T > and define the Banach space Xt '.— 
C([0,T],L°°(R'^)) of all continuous functions on [0,T] with values in L°°(R'^); 
the norm on Xt is given by 

\\u\\t •= j^aX ||Ut||ioo(Rd). 

We denote by X^ the cone of all nonnegative functions from Xt- For a given 
C > 0, denote by B^ fj the set of all functions u from X^ with ||u||t < C. 

Let $ be a mapping which assigns to any v G Xt the solution ut of the 
linear Cauchy problem 

d f 

—Ut {x) =~ut {x) I ai{x, y)vt [y) dy 

Ot jRd 

/ c{yi,y2,x)vt{yi)vt{y2)dyidy2, (4-27) 

ut{x) =pq{x), 



Binary jumps in continuum. II. Non-equilibrium process 



30 



namely, 



{^v)tix) = exp 



exp 



ai{x,y)vs {y)dyds\po{x 



ai{x,y)vr{y)dydT 



c(yi, 2/2, x)vs (2/1) Vs (2/2) dyidy2ds. 



(4.28) 



Clearly, Wt > implies {'^v)t > 0. Moreover, v £ X^ yields 



\{'^vt){x)\ <bo(a^)|+C4T||«|| 



T- 



Therefore, $ : X^ —!■ X^ . Obviously, Ut solves (|4.23p if and only if u is a fixed 
point of the map $. 

Since Q <po{x) <C for a.a. x G M'', we get from (|4.28p and (|4.25p . for any 



T,C' 



< ($w)t(a;) < Cexp]- / / ai{x,y)vs (y) dyds 

^ Jo jRd 



C / exp<{-/ / ai{x,y)vriy)dydT\ I ai{x,y)vs {y)dyds 







< Cexp 



ai(x,2/)-ys {y)dydi 



""l ^'"P 



Therefore, $ : -B^^ — > -Btc- 



ai (x, J/) Vt- (y) dydr ? ds = C 



Let us choose any T G (0, T) such that 2C(c3 + C4)T < 1. Clearly, w e i?^ c 
implies w G B^ ^. By the proved above, $ : S^ ^ — >■ _B^ (^. Note the elementary 
inequalities je"" — e^^| < |a — 6| and 

Ipe-" - qe-''\ < e'^lp - q\ + ge^^le-^'^-'') - 1| < e'^lp - q\ + qe-''\a - b\, 

which hold for any a, b,p,q > 0. Hence, for any v,w E B^ q, t E [0, T], we get 

\{<^v)tix) - {<^w)t{x)\ 



< 



ai{x,y)vs{y)dyds- / ai{x,y)ws (y) dyds 
Jo Jr'' 

cxpS- / / ai{x,y)vr{y)dyd 



Po{x) 



ciyi,y2,x)vs {yi)vs{y2)dyidy2 
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-/ / c{yi,y2,x)ws{yi)ws{y2)dyidy2 


ds 


+ / exp]- / / ai{x,y)wr{y)dydT\ 
Jo ^ Js Jr-' > 


^ c{yi,y2,x)ws{yi)ws{y2)dyidy2 

jR'i JRii 


X 


/ / ai{x,y)vr{y)dydT - / ai{x,y)wr (y) dydr 

Js Jr'^ Js Jr'' 


=:/i+/2 + /3. 


(|3.11|, (|3.: 


"4]). and (|4.25p. we have 





d.s 



Ii<Cc3\\v-w\\rT, 

h < CcsWv ~ wWrt — cxp|- / / ai{x,y)wr {y)dydT>ds 

< CcsWv ~w\\rT, 
h < 2Cc4||w-w||tT. 

Therefore, 

||$w - $w||t < 2C(c3 + c4)T||t; - w\\r 

for any v,w € By p. Since B^ ^ is a metric space (with the metric induced 
by the norm || • ||x) and since 2C(c3 + C4)T < 1, there exists a unique u* G 
B:^ u such that u* = $(u*). Hence, u^ solves (|4.23p for t e [0,T]. Since 

< Uj-{x) < C for a. a. x 6 M.'^, we can consider the equation (I4.23P with the 
initial value pt{x)\ ^ — u^{x). Then we obtain a unique non- negative solution 
which satisfies maxj^rx 2T] ll''^t||L°°(R'') ^ C', and so on. As a result, we obtain 
a solution of (|4.23p on [0,T]. The uniqueness among all solutions from -B^^ is 
now obvious. D 

Remark 4.7. Note that, in the proof of Proposition 14.61 we did not use the 
property (|1.3p . On the other hand, all considerations remain true if, instead of 
(|4.25p . we assume that 



c{ui,y,x,U2)duidu2 < / / c{x,y,ui,U2)duidu2. (4.29) 

Jr'^ jRii 

Suppose we have an expansion 

c({a;i, 2:2}, {2/1,2/2}) = c'(xi,X2,yi,2/2) + c"(a;i,X2,2/i, J/2) (4.30) 

where c', c" are functions which satisfy conditions (I4.25P and (|4.29p . respectively, 
as well as conditions p. Ill) and p.l4p (but do not necessarily satisfy (|1.3p ). It 
is easy to see that all considerations in the proof of Proposition 14.61 remain true 
for this c. Let us give a quite natural example of functions c', c". 
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Example 4.8 (cf. [TO]). Let c be given by (|i:^ with 

c'{xi,X2,yi,y2) = xa{xi - yi)a{x2 - y2)[b{xi - X2) + b{yi -y2)]- 

and 

c"{xi,X2,yi,y2) = c'{x2,xi,yi,y2). 

Here k > 0, < a,b e L^{R'^) nL°°{R'^), ||a||ii(Rd) = ||6||Li(Rd) = 1 and 6 is 
an even function. Then the condition (|4.29p for c" coincides with the condition 
(|4.25p for c'. Note also that (|3.1ip - (|3.14p are satisfied for c. For example, 
C4 — 4>f and 

ci < 2><||6||ioo(Rd) + 2>!r||a||ioo(Kd)||fe||i=e(Rd) < 00. 

Next, let us check whether (|4.25p holds for c'. We have 



c'{y,ui,x,U2)duidu2 

a{y ~ x)a{ui — U2)(b{y — ui) + b{x — U2))duidu2 — 2>ca{y — x) 
and 

K f j c'{x,y,ui,U2)duidu2 

a(x — ui)a{y — U2)(b{x — y) + b{ui — U2))duidu2 
— xb{x — y) + K I I a{x — ui)a{y — U2)b{ui — U2)duidu2. 
Since b is even, (|4.25p holds if, for example, 2a{x) < b{x), x G R'*. 
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